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Abstract. Functional bootstrapping has made discrete computation prac-
tical in the Cheon-Kim-Kim—Song (CKKS) scheme, but it fuses four dis-
tinct tasks — lookup table (LUT) evaluation, modular reduction, noise
cleaning, and ciphertext refreshing — into a single rigid pipeline. As a con-
sequence, a generic LUT over an alphabet of size t costs multiplicative
depth proportional to log, ¢t and consumes a large share of the modulus
budget during a fixed bootstrapping procedure, invoked each time a LUT
evaluation or modular reduction is needed.

We show that this pipeline can be unbundled by changing the representa-
tion, rather than optimizing the bootstrapping, through block encodings.
A finite-alphabet value is carried across several CKKS slots whose coor-
dinates form a basis of functions on the alphabet, typically the characters
of a finite abelian group. In such a basis, every LUT is an affine plaintext
map evaluated in a single multiplicative level, with depth independent of
t. Modular reduction comes for free: a block encoding cannot represent
anything but a residue, so arithmetic modulo t is native. Because the
encoded values lie on the unit circle, noise growth is independent of the
alphabet size t. In the worst case, it matches the noise growth of standard
discrete CKKS on the smallest alphabet Z2, and in more typical work-
loads it is linear in the number of operations, exponentially better than
discrete CKKS at every t > 2. Noise cleaning becomes a constant-depth
procedure of at most four levels, because the alphabet-dependent part
is an LUT and only a fixed-degree-3 smoothstep is nonlinear. Finally,
since LUTs are no longer part of the bootstrapping, refreshing reverts
to its classical role as a maintenance operation invoked only to regain
multiplicative depth. Any CKKS bootstrapping can be used, rather than
a constrained and expensive pipeline.

We instantiate the framework with several block encodings that make
modular addition, modular multiplication, xor or min/max possible with
a single CKKS multiplication. We use them to build CRT arithmetic over
large composite moduli, and finite-state prefix scans for radix addition
and subtraction in depth 4+ [log, d] and for equality and comparison in
depth 3+ [log, d] for d radix digits. For example, a 256-bit CRT modular
addition or multiplication consumes a single multiplicative level and has
a latency of 4.7 ms on a single thread.

Keywords: FHE - Discrete CKKS - Lookup Table - Character Encoding



Table of Contents

|Character Block Encodings for Discrete CKKS: Single-Level LUTs and |
\Low-Depth Arithmetic|. ........ ... . . 1
|Jules Dumezy and Elias Suvanto|
[ Introductionl. . ... 3
L1 Our Contributionsl. .. ....coveni e 4
.2 Related Workl. ... ... . . 6
L3 Technical Overviewl....... ... ... . . i 6
2 Preliminaries| . . ... ..o e 8
R NOEATIONS « v ove ettt e 8
2.2 CKEKS .. 8
3 Block Encodings of Finite Alphabets| .......... ... . ... ... ... 9
3.1 Character Block Encodings|......... ... ... ... . ..o . 11
3.2 Indicator encoding]. .. ......... .. 13
[3.3 _Thermometer encoding|.................. ... ... ... ... ... 13
[3-4 Tookup tables and encoding Switches| ..............ouuvern... 14
8.5 Precision and coefficient normsl. . .......... .. L. 15
3.6 Noise growth under chained multiplications|................ ... 16
................................................. 18
[3.8 Switching back and to character block encoding|............... 19
B CRT ATTERMETId « o v ovovoeeeeeee e e e e 20
5 Finite-State Prefix Scans|. .. ... i 20
6 Radix Amthmetic] . ... 23
6.1  Addition] .. ... 23
6.2 Subtractionl. .. ...... .. 24
[6.3 Comparison and Bquality| ............... ... ... .. 25
7 Eperimertal RESUIS. - - - - o e e oo e 25
[(.1__General Performances|.............. ... .. . . 26
[c.2 CRIT Performances| ......... ... . . . 27
[r.3  Radix Performances| ........ ... .. . i 28
[7.4 Precision under chaining| ............... ... ... ... oo 28
[ACKKS Operations and Bootstrapping] ...........covvviieeennnn... 33
JA. L Operations] . .. ..o 33
[A.2 Bootstrapping] ....... ... 34
IB" Switching from discrete CKKS to a character block] ................ 35
|C_Proof of Proposition [2f................ ... ... o 36
D Proof of Temmalll. .. ovve e e 37
IEE Worked example: 3-digit decimal addition|......................... 39
IE" Detailed benchmarks| ......... ... 41



Character Block Encodings for Discrete CKKS 3

1 Introduction

Fully homomorphic encryption (FHE) allows computations to be evaluated di-
rectly on encrypted data [Gen09]. Modern FHE schemes offer several complemen-
tary plaintext models. BGV and BFV support exact arithmetic over plaintext
rings and are natural choices for algebraic workloads with high SIMD through-
put [BGV12,[Bral2,[FV12]. CKKS supports approximate arithmetic over real
or complex slots, with similar SIMD capabilities [CKKS17|. In parallel, FHEW
and TFHE showed that bootstrapping can serve as a programmable primitive,
enabling functional bootstrapping over small plaintext spaces [DM15,/CGGI16]
CGGI17,|CGGI20,CLOT21].

Discrete CKKS reuses the SIMD structure of CKKS for messages that are
intended to lie in a finite alphabet. BLEACH introduced cleaning techniques
for discrete CKKS computations, in particular for bits [DMPS24]. Subsequent
works developed CKKS functional bootstrapping procedures for bits and small
integers, allowing an LUT over a small or medium plaintext space to be evaluated
in CKKS |[BCKS24, BKSS24,|[AKP25, DAPT26|. These works show that CKKS
supports discrete computation well beyond its original approximate-arithmetic
setting, and that it is highly competitive even in latency against TFHE, for
instance for 256-bit multiplication [Kim25b,/CPL26},GZ26|.

However, these functional bootstrapping procedures share the same shape
and the same cost structure. A generic LUT on an alphabet of size t is an in-
terpolation problem of degree t — 1, and it is evaluated in a fixed bootstrapping
pipeline: a half bootstrapping to raise the modulus and put the overflow in the
slots, an EvalMod evaluation through the complex exponential to remove over-
flow, and the interpolation polynomial itself. This pipeline is convenient because
the single, expensive trigonometric step does several jobs at once: it removes
overflow, performs the modular reduction the discrete computation needs, and,
through Hermite-type zero-derivative conditions, folds in noise cleaning. The
price of this convenience is rigidity. LUT evaluation is tied to a specific bootstrap-
ping, the LUT consumes [log,(t—1)] multiplicative depth [BKSS24,/AKP25| and
a large fraction of the refreshed modulus budget, and the approximation of the
complex exponential is expensive [DAPT26, Table 2|. Because LUT evaluation
and modular reduction are performed inside the functional bootstrapping, a full
bootstrapping is invoked at every LUT or modular-reduction site, whether or
not the level budget calls for it. In short, LUT evaluation, modular reduction,
cleaning, and refreshing are bundled into one modulus-hungry primitive whose
full cost is incurred at every LUT.

This paper unbundles that pipeline by changing the representation rather
than by further optimizing the bootstrapping. We encode a finite-alphabet value
as a block of CKKS slots whose coordinates form a basis of functions on the
alphabet, which we call a block encoding. As the ciphertext already provides a
complete function basis for the alphabet, the discrete structure no longer needs
to be manufactured in a bootstrapping, and the four bundled tasks come apart.
A unary LUT is an affine plaintext map on the block, evaluated in a single
multiplicative level, with depth independent of t. Modular reduction is intrinsic
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and free: a block cannot represent anything but a residue. The multiplicative
level spent on addition therefore pays for a true modular addition with the
mod-t reduction included, not a lazy addition that defers the reduction to a
separate step. Noise grows at most 2* in a chain of k& multiplications regardless
of t, matching the floor of discrete CKKS noise growth on its smallest alphabet
Zs. In practice, where BLT applications, encoding switches, and multiplications
by fresh-noise operands are done, the growth is linear O(kep). Either way, the
alphabet size t no longer enters the rate. Cleaning is a constant-depth procedure,
independent of t. And bootstrapping reverts to its classical role: a maintenance
operation invoked only to regain multiplicative depth, not a computational step,
and free to use any CKKS bootstrapping, not a fixed one.

The nonlinear cost has been moved into the representation: block encod-
ings make selected algebraic operations native under CKKS multiplication, and
tensor-product features give low-depth multivariate LUTs. Table [I] summarizes
the resulting depths and example timings for the primitives of the framework
and for representative composite workloads built from them.

Table 1. Depth and example timing for the primitives and composite workloads of the
framework, on a single thread. Parameters are chosen for 128 bits of security. All figures
are leveled: the latency and amortized time cover one isolated operation and exclude
the cost of refreshing the modulus budget, which a CKKS bootstrapping can perform
between operations as needed. The upper block lists the three alphabet-dependent
primitives, reported at log, t = 4, i.e. a 4-bit plaintext moduli. The corresponding like-
for-like functional-bootstrapping figures are reported in Table[6] The lower block lists
three representative composite workloads.

l Operation ‘ logy N ‘ Depth ‘ Latency ‘ Amortized ‘
Unary LUT 15 1 level | 24.2 ms 22 us
Bivariate LUT 15 3 levels | 324.2 ms 5.1 ms
Cleaning 15 4 levels | 123.6 ms 113 us
256-bit CRT Add/Mul | 15 1level | 4.7 ms 1.2 ms
64-bit radix Add 16 9levels| 2.11s 50.2 ms
64-bit radix Compare 16 8 levels | 1.78 s 42.5 ms

1.1 Owur Contributions

A block encoding framework for finite alphabets. We represent a value
by multiple CKKS slots whose value span contains all complex-valued func-
tions on the alphabet, built from characters of finite abelian groups together
with the dual indicator basis. Under this representation, any unary LUT is
a linear map and is evaluated with one multiplicative level, independent of
the alphabet size, and the group law becomes a CKKS multiplication.

Concrete encodings . The block root-of-unity encoding (BRU) represents residues
modulo ¢ by the nontrivial characters of (Z;, +), so CKKS multiplication re-
alizes addition modulo ¢. For prime ¢, the logarithmic block root-of-unity
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encoding (L-BRU) represents Z; together with an absorbing zero, so CKKS
multiplication realizes multiplication modulo ¢. The absorbing zero is au-
tomatic, since the whole character block vanishes. The Walsh-Hadamard
encoding (WH) represents F% by its nontrivial characters, making bitwise
xor native. The dual indicator encoding (IDCT) gives a convenient basis for
equality, finite-state transitions, and cleaning. The thermometer encoding
(TH) represents an ordered alphabet by its prefix indicators, making min
native under CKKS multiplication and max native via (a,b) — a + b — ab.

Low-depth multivariate LUTs. The same basis viewpoint gives multivariate
tables. A bivariate LUT is evaluated by generating mixed tensor features in a
single multiplication layer and applying a final block linear transform. More
generally, a d-variate LUT is obtained from a balanced product tree of tensor
features and costs down to [log, d] 4 1 levels, at the expense of large tables.
Since the output encoding is chosen in the final linear transform, a LUT and
a following encoding switch fuse without additional depth.

Constant-depth cleaning. We give a cleaning procedure whose depth does
not grow with the alphabet size. The ciphertext is switched linearly to IDCT
encoding, the degree-three smoothstep is applied slot-wise, and the result is
switched to the desired output encoding: at most four levels in total. The
potentially t-dependent work is isolated in the two linear encoding switches,
while the only nonlinear step is a fixed polynomial. This contrasts with prior
approaches, where cleaning depth grows logarithmically with .

Leveled, composable operations. LUTs, modular reduction and cleaning are
leveled operations that stand on their own. Two properties make them com-
posable without an interleaved (functional) bootstrapping: each costs O(1)
levels, independent of ¢, and because values are encoded on the unit cir-
cle, the noise growth is independent of ¢, bounded by 2* in the worst case
for k£ consecutive operations, matching discrete CKKS at Z, and linear for
typical use (Subsection . Empirically (Figure [3)), a chain of operations
is bounded by the multiplicative level budget, not by precision. Bootstrap-
ping is therefore needed only to regain depth, and any CKKS bootstrap-
ping — EvalRound+ [SSKM25|, minimax |[LLL™ 21|, high-precision |[CKSS25|,
SHIP |[CHKS25|... — may be used, chosen for the workload rather than fixed
by the LUT.

CRT arithmetic over large composite moduli. A modulus T' = ¢;---t,
with pairwise coprime factors is represented by independent residue blocks.
In BRU, CRT addition is native. In L-BRU over each prime CRT compo-
nent, multiplication is native. Switching between BRU and L-BRU is a linear
map, scheduled to make either addition or multiplication native as needed,
and fixed polynomial maps over Zr decompose component-wise into unary
LUTs.

Finite-state prefix scans for radix arithmetic. Local digit operations emit
transition tables in IDCT encoding together with state-indexed output val-
ues. Transition composition is a one-level selector operation, and a parallel-
prefix network evaluates carries, borrows, equality states, and comparison
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states in [log, d] rounds. This gives addition, subtraction, equality, and com-
parison on d radix digits in depth up to 4 + [log, d].

1.2 Related Work

CKKS functional bootstrappings for discrete computation [BKSS24/[AKP25| re-
alize an LUT over Z; through a bootstrapping, with an additional degree ¢t — 1
polynomial evaluation acting as both the cleaning and LUT evaluation proce-
dure. We target the same primitive — LUT evaluation — but reach it by changing
the encoding rather than tuning the bootstrapping. LUTs become cheap, one
level affine plaintext maps. Modular reduction is automatic after each opera-
tion, cleaning is constant depth, and the noise growth is exponentially better
than those previous approaches.

There are multiple papers building on this functional bootstrapping to build
large integers operations. Among CRT-style constructions, Boneh—Kim build a
CKKS-based system for arithmetic modulo large prescribed integers using nested
residue number systems and homomorphic base conversion, supporting non-
smooth moduli with strong performance on arithmetic-heavy workloads [BK25|.
Their modular reduction emulates the residue map via CKKS functional boot-
strapping inserted between arithmetic operations and is pinned to the identity
LUT in that pipeline, leaving no room for general per-residue LUTs. Our CRT
construction also uses residue components, but encodes each by a character
block: per-residue addition or multiplication becomes CKKS multiplication, with
no separate reduction step, and a single-level general-per-residue LUT. Like any
RNS-style representation, comparison is not native and is handled separately via
radix arithmetic (Section [6)).

Among radix-style constructions, Kim’s homomorphic integer computer and
its faster successor represent integers by radix digits in CKKS for moduli of
the form b [Kim25a, Kim25b|, and Cha et al. reduce exact digit carry to loga-
rithmically many bootstrappings in the number of digits, extending radix arith-
metic toward arbitrary moduli and enabling comparison |[CPL26]. REFHE in-
stead makes arithmetic modulo 2" native in a BGV-style plaintext algebra and
exposes the bit decomposition during bootstrapping [BFG™25|, while Triangle
encoding targets SIMD machine-word computation with amortized arithmetic-
to-Boolean conversion [GZ26]. These approaches share our use of digit decom-
positions, but manage carries and reductions through bootstrapping or a ded-
icated bootstrapping-bound logical mode. Our addition, subtraction, equality,
and comparison instead use finite-state transition tables composed by a leveled
prefix scan. We design neither a full ALU nor a new bootstrapping procedure,
but block encodings that keep operations leveled and efficient.

1.3 Technical Overview

Every construction in the paper rests on one identity. For a finite abelian group
(G, *) with character group G, each character satisfies

x(g*h) = x(g)x(h)
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and the characters span all complex-valued functions on G. Encoding ¢ by the
vector (x(g))x 41 therefore has two consequences at once. For example, taking

G = (Zy,+) gives the character vector (I, (2™, ..., t(t_l)m) for m € Zy, the

BRU encoding used throughout the paper. CKKS slot-wise multiplication eval-
uates the group law, and any unary map f : G — Y is the Fourier interpolation

=Y F0x

hence an affine plaintext map on the block, evaluated in one level, independent of
the size of GG. This is why the four tasks bundled into functional bootstrapping —
lookup, modular reduction, cleaning, and modulus refreshing — come apart: each
becomes a cheap operation in this representation, and bootstrapping reverts
to a depth-maintenance step. Different operations are native in different block
encodings, so workloads schedule encoding switches between them, each switch
being itself a unary LUT and thus a single level.

The instantiation chooses the group to make a target operation native. G =
(Zy,+) gives BRU, where complex multiplication is addition mod t; G = F§ gives
WH, where complex multiplication is xor. The one non-obvious choice is L-BRU:
for prime ¢, fix a generator of Z; and encode a nonzero residue through the
characters of its discrete logarithm, so multiplying blocks adds discrete logs and
hence multiplies residues. Zero is the all-zero block, absorbing under complex
multiplication exactly as 0 is absorbing mod ¢, while an extra nonzero-indicator
slot separates the value at zero so the block still spans all functions on Z;. BRU
and L-BRU therefore encode the same alphabet Z; through different bases, and
switching between them is a unary LUT for the identity map.

mi mi+msz BLT  mi+me BLT flmi+ms)
BRU BRU L-BRU LUT f BRU
Mul encoding switch
+ mod t

Mul
BLT m X mod t

2
encoding switch L-BRU

Y

Fig. 1. An example of computation with block encodings. A Mul is a CKKS multipli-
cation of two ciphertexts and evaluates the group law of the current encoding: modular
addition in BRU, modular multiplication in L-BRU. A block linear transform (BLT) is
a one-level affine plaintext map on a block of slots, serving both as an encoding switch
and as a unary LUT. Every transition consumes one multiplicative level.

Multivariate LUTs are the tensor-product version of the same argument: the
univariate basis functions are already in the input blocks, only the mixed prod-
ucts w;(x)ne(y) are missing, and one multiplication layer generates them before
a final linear transform writes any output encoding. A balanced product tree ex-
tends this to d inputs in [log, d| layers. Cleaning fits the same picture: in IDCT
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a fixed degree-three polynomial reduces noise quadratically, so any encoding is
cleaned by an LUT into IDCT, this fixed polynomial, and an LUT back. The
only possibly t-dependent work is linear and isolated in the two switches, giving
constant depth.

For large moduli, the characters apply per CRT component, making addition
native in BRU and multiplication native in L-BRU, with the non-native operation
a per-component low-depth LUT. For radix words the obstacle is carry propa-
gation rather than the digit operation: addition, subtraction, and comparison
become finite-state scans over a constant-size state space, where composing two
transitions is a one-hot selection — evaluated in one level — so a parallel-prefix
network resolves all carries in logarithmic depth.

2 Preliminaries

2.1 Notations

We write N, Z, R and C for the sets of nonnegative integers, integers, real
numbers and complex numbers respectively. Complex conjugation of a complex
number z € C is denoted by z. For z € R, |z], [z]| and [z] denotes round-
ing to the previous, next and nearest integer respectively. Rounding is applied
coeflicient-wise when the input is a vector or a polynomial.

For an integer t > 2, we write

7, = Z/tZ.

When an element of Z; is used in an order comparison, a carry test, or a borrow
test, it is identified with its canonical representative in {0,...,¢ — 1}.
For integers a < b, the interval notation is discrete:

[a,b] = {a,a+1,...,b}, [a,b) = {a,a+1,...,b—1}

and similarly for (a,b] and (a,b). In particular, [0,¢) denotes the canonical rep-
resentation of Z;. We write d, , for the Kronecker delta, equal to 1 if = y and
to 0 otherwise. More generally, for a predicate P, we write §p for its indicator.

Vectors are written in bold lower-case letters, for example v. For this vector
|v|loo is the maximum absolute coordinate. The all-ones vector is denoted 1, with
dimension clear from context. The Hadamard product is denoted by ®. Matrices
are written in upper-case letters. The transpose of a matrix A is denoted as AT.

2.2 CKKS

We use the RNS variant of CKKS [CKKS17,CHK™19|. Let N be a power of two
and let

R=7[X]/(XxN +1), Rg=R/QR.
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For a scale A and a multiplicative depth budget L, we use a modulus chain

0
QZZHqia te [OvL]a
=0

where the ¢; are pairwise coprime primes, qg > A, and ¢, = A for £ > 1. A fresh
ciphertext is at level L, and rescaling after a multiplication drops one prime from
the chain.

Let € be a primitive 2N-th root of unity. The canonical embedding gives the
slot map

r:R— CN?, pP+— (P(§2j+1));v=/§71a

where one root from each conjugate pair is chosen. Elements of R are said to be
in coefficient representation, while their image under 7 is in slot representation.
Addition and multiplication in R correspond to component-wise addition and
multiplication in the CKKS slots.

At scale A, a vector z € CNV/? is encoded as

Ecda(z) = |[77'(A2)] € R,
and a plaintext m € R is decoded as
Dcda(m) = A r(m).
A level-¢ CKKS ciphertext is a pair ct = (b,a) € R%Z such that, for secret key s,
b+ as =m+ e mod Qy

for a small error polynomial e. Decoding gives z + A~17(e) when m = Ecda(2).
Homomorphic addition preserves the scaling factor and modulus. Homomor-
phic multiplication multiplies the encrypted slot values and raises the scaling
factor from A to A2. After relinearization and rescaling by a prime g, ~ A, the
output returns to scale close to A at level £ — 1, consuming one multiplicative
level. CKKS operations and bootstrapping are detailed in Appendix [A] CKKS
slot-wise multiplication is the Hadamard product and consumes one level

u,v——u®Gu.

3 Block Encodings of Finite Alphabets

We encode elements of a finite alphabet in multiple CKKS slots by evaluating
a basis of functions on that alphabet. The main examples are character bases
of finite abelian groups, together with the standard indicator basis. Let X be a
finite alphabet. Abstractly, a block encoding of X is a tuple of functions

w() = (Wa(®)) e s

such that the augmented family {1} U {w, : a € I} spans the vector space of
complex-valued functions on X . In this work, we mostly use the reduced encoding
where |I| = |X| — 1, and the augmented family is a basis. Thus, an element in
an alphabet of size t is represented as t — 1 CKKS slots.
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Block Linear Transform. A block linear transform (BLT) is an affine map
w— Aw+b

with plaintext coeflicients. A BLT is a CKKS linear map on slot blocks. It is eval-
uated as a sum of plaintext-masked rotations of the input ciphertexts, followed
by the addition of a plaintext bias. Evaluating such a map consumes one multi-
plicative level for plaintext-ciphertext multiplication, as rotations and addition
do not consume multiplicative depth. Algorithm [I] gives the diagonal evaluation
we use throughout the paper.

Algorithm 1 Diagonal evaluation of a block linear transform

procedure BLT(ct € R2Q£, AeC™™ beC™"), where D C Zy, is the set of indices
of non-zero diagonals of A and ¥4 is the d-th diagonal of A placed at the slot positions
of every replicated block of the layout, padded with zeros outside the blocks

1: ctous < Encode(b)

2: for d € D do

3: ctq < Rotate(ct, d)

4 Ctout < Add(ctout, MulPlain(ctq, Encode(vq)))

return ctous € R2Q271

Each non-zero diagonal of A contributes one rotation and one plaintext mul-
tiplication. For nq non-zero diagonals the cost is ngq rotations and one multi-
plicative level for plaintext multiplication. A baby-step giant-step factorization
of the rotations [HS18| reduces this to O(/nq) rotations at the same multiplica-
tive depth, which we use in the implementation. A rotation by d slots cyclically
wraps slots from neighboring blocks into the block being operated on, so each
diagonal plaintext v is built at full ciphertext size with the diagonal coefficients
placed at the slot positions of every replicated block and zeros at every other
slot. The MulPlain by v4 therefore both selects the correct diagonal contribution
and zeros out the cross-block contamination introduced by the rotation. Sub-
section [3.1] instantiates the diagonals v4 as Fourier coefficients of f, so the BLT
becomes the Fourier-interpolation evaluator of the LUT.

Layout choice A block encoding represents one alphabet value by several CKKS
slots, and these slots can be arranged in two ways. In the packed layout, all
coordinates of a block occupy contiguous slots of a single ciphertext. In the
split layout, each coordinate is held in its own ciphertext. The two layouts are
functionally equivalent and differ only in cost profile. A BLT costs one level in
either case, but its rotation schedule differs: in the packed layout it is realized
by masked rotations within a ciphertext, whereas in the split layout it becomes
plaintext-weighted additions across ciphertexts with no rotations.

The difference matters for operations that combine coordinates from different
positions of a block, such as forming the tensor-product features of a multivariate
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LUT. In the split layout these cross terms are immediate slot-wise products,
while in the packed layout the coordinates must first be aligned by masking and
rotation, costing one additional level. A block of ¢ — 1 coordinates is held across
t — 1 ciphertexts in the split layout, multiplying memory and bandwidth costs
by a factor of t — 1 but freeing the schedule from intra-ciphertext rotations. The
packed layout, on the other hand, keeps the ciphertext count low and reduces the
number of operations thanks to SIMD, favoring latency rather than throughput.
We use the packed layout and explicitly note where the split layout changes the
level consumption. Switching between layouts can be achieved using plaintext-
ciphertext multiplication and rotations, but is not pursued further in this paper.

3.1 Character Block Encodings

Let G be a finite abelian group, written multiplicatively, and let G be its char-
acter group. The character block encoding of g € G is

Charg(g) = (X(g))xe(;, x#lc

where 14 is the trivial character. The omitted trivial character is the implicit
constant slot. The key identity is x(gh) = x(g)x(h). Therefore, CKKS multipli-
cation evaluates the group law in one level

Charg(g) ® Charg(h) = Charg(gh).

The characters of G are orthonormal under the inner product
Jh) = & G| > Ja
acG

and span the space of functions G — C. Any f : G — C therefore admits a
unique Fourier expansion

flo)=Fe)+ > Fooxte),  FO)=(f.x) |G| > fla)x(a)
x#la acG

The slots of the character encoding are exactly the values x(g) for x # lg,
so evaluating f on the encoding of g is a slot-wise linear combination with
coefficients f(x) plus the constant bias f(1¢). This is a BLT, so any unary LUT
f + G — C costs one level. We now describe concrete instantiations of interest.

Block root-of-unity encoding. Taking G = (Z,+), the characters are
xr(m) = ¢Fm, k€ Zy

where (; = exp(2mi/t). Omitting the trivial character k£ = 0 — as it contains no
information — gives the block root-of-unity encoding (BRU):

BRU,(m) := (gﬂ, Em,...,gt(t‘”m)
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CKKS multiplication realizes addition modulo ¢:

km km’ __ Ck:(m-i—m/)
t t -1 .

For a unary LUT f : Z; — C, the Fourier expansion is
R -1 R =
Fm) = FO) + Y FR)G™, Fk) =5 fla)g ™.
k=1 a=0

Logarithmic block root-of-unity encoding. Assume t is prime and fix a generator
g of Z*. For m # 0, write m = g* with £ = log, m € Z¢—1. The logarithmic block
root-of-unity encoding (L-BRU) is the absorbing-zero extension of the character
encoding of the multiplicative group Zj:

£ (t—2)¢ _ 4
L—BRUt(m) — {(LCth'"a t—1 ) m=4g 7&0
(0,0,...,0) m =20

The first slot is the nonzero indicator. These coordinates still span all func-
tions on Z;: the nonzero indicator separates the value at zero, while the remaining
coordinates interpolate with Fourier arbitrary functions on Zj. If both inputs
are nonzero, CKKS multiplication adds discrete logs. If either input is zero, the
whole vector vanishes. Hence

L-BRU;(m) ® L-BRU;(m') = L-BRU;(mm’ mod t).

*

A unary LUT f : Z; — C is obtained by Fourier interpolation on Z;, with the
value at zero supplied separately. Define

Let L-BRU;(m) = (no, . ..,M:—2). Then f(m) equals
t—2

F0) + (co = F(0)m0+ > cxms.
k=1

Walsh—Hadamard encoding. For t = 2% with k € N\ {0}, we may identify the
alphabet {0,...,t — 1} with F%, i.e. vectors (mo,...,my_1) through the binary
expansion

m+— m = (mg,...,Mk_1).
The native group law is bitwise xor. For s = (sg,...,s,_1) € F5, we use the
convention
k—1

s-m= E sjm; € Fa.
Jj=0
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The character encoding of (F%, @) is the reduced Walsh~Hadamard encoding
(WH)
WH;(m) := ((—1)S'm)S€F§\{O}.

It has 2 — 1 =t — 1 explicit slots, like the other reduced encodings.
CKKS multiplication realizes bitwise xor

(1) (=17 = (—1)mmem,
Unary Fo-linear maps have a particularly simple structure. For L : F§ — F%

(71)5~Lm _ (71)(L"'s)-m'

Hence, a linear map acts by reindexing character slots, possibly collapsing to the
implicit constant slot when LTs = 0.

3.2 Indicator encoding

The indicator encoding is the Fourier dual of the character block encoding on a
finite abelian group: the indicator functions {4, }acc and the characters {x}, .4
are two bases of the same function space CY, related by the Fourier matrix of G.
The construction below applies to any finite alphabet X, with no group structure
required. For any ¢-point alphabet X, choose an omitted value a, € X E| The

reduced dual indicator encoding (IDCT) is
IDCT(m) := (0m,a) a€ X\ {a.}.

The omitted coordinate is recovered as

Oma, =1 = Y Oma-

aFay

On the non-reduced IDCT encoding, CKKS multiplication is an equality-gated
identity: the product of two indicator vectors is the indicator of the common
value if the two values are equal, and the zero vector otherwise. Indicator-to-
indicator LUTs are realized via a BLT, with coefficients in {—1,0, 1} and biases
in {0,1}. The omitted coordinate can be a useful degree of freedom: choosing a,
can reduce the norms of the BLT rows (Subsection .

3.3 Thermometer encoding

Unlike the previous encodings, the thermometer encoding does not encode a
group law: it makes the lattice operations min and max native. For an ordered
alphabet {0,...,t — 1}, the reduced thermometer encoding (TH) is
t—1
TH(m) == (Om>k),y = (Om>1,0m>2, -, Om>1-1),
3 We present the reduced form, omitting one value, so that the BRU, L-BRU, and IDCT

encoding all use the same number of slots. The non-reduced form naturally follows
from the reduced one.
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the prefix of ones of length m followed by zeros. These t —1 coordinates, together
with the implicit constant §,,>¢9 = 1, span all functions on the alphabet: the
indicators are recovered by the finite difference 0y, = 6m>k — dm>k+1, With
Om>t = 0. The slots lie in {0,1}, so |TH¢(m)||cc < 1 as for IDCT.

CKKS multiplication realizes the slot-wise and, which is exactly min

Omy>k Oma>k = Omin(my,ma) >k TH;(m1) © THy(my) = THy( min(my,mz)).

Its De Morgan dual, the slot-wise or, is max and is evaluated in one multiplicative
level by

Omy>k + Omy>k — Omy >k Omy>k = Omax(my,ma)>k-
Both min and max are therefore native on the same encoding, each in a single
level. A unary LUT f:{0,...,t — 1} — C is the finite-difference BLT

t—1

Fm) = £O)+ Y (f(k) = f(k—=1)) Sz,

k=1

with bias f(0) and linear coefficients the consecutive differences of f, evaluated
in one level.

Table 2. Summary of presented block encodings.

Encoding | CKKS multiplication Applicability

BRU m1 + meo mod ¢ t>2

L-BRU mime mod t t prime

WH mi P mao t=2F

IDCT Equality-gated identity Any finite alphabet
TH min(mi, m2) (and max via a + b — ab) | Ordered alphabet

3.4 Lookup tables and encoding switches

A unary LUT is a single BLT and can be evaluated with one level. The affine term
is precisely the contribution of the implicit constant coordinate. This naturally
includes encoding switches: switching from one encoding to another is the unary
LUT for the identity map, with the result written in the chosen output encoding.
The output encoding of a LUT is chosen in its final BLT. Consequently, a switch
after a LUT fuses into the LUT at no additional level. More generally, adjacent
BLTs compose into a single BLT. Encoding is, therefore, a scheduling decision.

Bivariate and multivariate LUTs. For clarity, let’s consider the BRU case first.
Let f :Zy x Zy — C and write z = ([, 2/ = (}* . Tensor-product interpolation
gives

t'—1 t—1t' —1

t—1
f(m,m') =doo+ Z dao2® + Z doy(2)" + Z Z dapz" (2.
a=1 b=1

a=1 b=1
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The purely univariate terms are already available from the two input blocks.
If each coordinate is stored in its own ciphertext, the cross monomials z%(z)"
require one multiplicative level, and the final linear combination is one BLT.
This gives a two-level bivariate LUT in the split layout. In the packed layout an
additional level is required to form the tensor-product features, by masking and
rotating the packed coordinates. Thus, in the cost model used in the rest of the
paper, a bivariate LUT costs three levels.

The same argument is basis-independent. Let w and 1 be reduced block
encodings of alphabets X and Y. Since {1} U {w;} spans all functions on X and
{1} U {nx} spans all functions on Y, the tensor-product family

{1} U{w; (@)} U {me(y) 1r U {w; (@) () ik

spans all functions on X x Y. The first three families are already present in the
input blocks, while the mixed terms are generated by a CKKS multiplication
layer after the required packed-coordinate alignment. A final BLT writes the
result in the chosen output encoding. Thus, bivariate LUTs cost three levels for
any of the reduced encodings above in the packed layout.

More generally, a d-variate LUT is evaluated by building the required tensor-
product features with a balanced product tree. The highest-order features have
degree d, so this costs at least [log, d] levels, followed by a final BLT. In the
packed layout, coordinate alignment adds one level. Thus, for d > 2, a d-variate
LUT costs [logy d] + 2 levels in the packed layout, and [log, d] + 1 levels in the
split layout.

Generalization to BFV/BGV. The block-encoding framework presented so far
rests on three structural facts: characters of a finite abelian group form a multi-
plicative basis of its function space, slot-wise multiplication evaluates the group
law, and a BLT realizes any linear map on a block in one multiplicative level. None
of these are specific to CKKS. The same constructions — unary LUTs, multivari-
ate LUTs, encoding switches, and the CRT and radix arithmetic of Sections [
and @7 port directly to BFV/BGV whenever the plaintext ring contains the rel-
evant roots of unity, with depth and level counts unchanged. Only the precision,
noise-growth, and cleaning analyses of Subsections [3:5H3.7] are CKKS-specific.
In BFV/BGV plaintext slots carry exact residues, so noise tracking and cleaning
are not needed. Explicit construction and analysis is left open as future work.

3.5 Precision and coefficient norms

A BLT w — Aw + b amplifies the input CKKS error through its linear part A,
by an amount that depends on the direction of the error. A worst-case bound is
the operator norm of A, the row-sum maximum ||A]|so— oo for an £, analysis or
the spectral norm ||A||s for an ¢s analysis. CKKS encryption noise is isotropic:
its expected magnitude is the same along every slot direction. The operative
estimate is therefore the average ||A||%/(t — 1) over all input directions, with
||A|| 7 the Frobenius norm of A. A BLT with large interpolation coeflicients loses
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about log, (||Al|7/+/t — 1) bits of precision in expectation, and up to log, ||All2
bits in the worst case.

A unary LUT f : Z; — Z; in a character basis has BLT matrix Ay =
W*S;W, the value-domain substitution S¢[y,z] = d, ) conjugated by the
unitary character transform . The matrix Sy is 0/1 with exactly one nonzero
per column, and its spectrum is determined entirely by f.

Proposition 1 (Spectral structure of unary BLTs in a character basis).
For every f : Zy — Zy, |Afl|% = t, Ay is unitary if and only if f is bijective.
For non-bijective f, rank(Ay) = |Image(f)| < t.

Proof. Unitarity of W makes Frobenius invariant under conjugation, so | Ay| p =
|S¢]l 7, and ||Sf||% equals the number of nonzero entries of Sy, namely ¢. Unitar-
ity of Ay is equivalent to unitarity of Sy, that is to S¢S} = I. The matrix S¢S} is
diagonal with |f~!(y)| on diagonal ¥, so it equals I if and only if every preimage
has size 1, that is, f is bijective. The rank is rank(Sy) = [Image(f)]|. O

In the reduced character encoding the BLT acts on ¢t — 1 slots (the non-
trivial characters), with the trivial-character coordinate carried as the bias b. By
Parseval, each function o f has unit Fourier energy, \bk|2+zz;i \A?Fd [k, 4]1? =
1, and summing over k = 1,...,t — 1 gives the energy identity

IAF% + bl* =t — 1.

The per-slot RMS amplification under isotropic noise is therefore

VIAFE/ (= 1) = v1—[b]?/(t-1) <1

The bias vanishes exactly when f is bijective, in which case A}ed is unitary on
C*~! and the per-slot RMS amplification is 1. For non-bijective f the bias absorbs
some of the energy, so the average per-slot amplification drops strictly below 1.
The operator norm [[A¥4[|y may still exceed 1, so individual input directions
can be amplified more than the average. Bijective LUTs are therefore the worst
case for the per-slot RMS amplification but the most regular across directions,
which matches the experimental observation that bijective chains show slightly
worse but more regular noise growth than non-bijective ones.

The L-BRU encoding has the same Fourier behavior on Zf, together with
an additional nonzero indicator coordinate. IDCT encoding, by contrast, has
very simple coefficients for indicator-to-indicator LUTs, but switches from or to
other bases may have row norms depending on the omitted value a,. The choice
of encoding therefore affects precision, and the omitted coordinate in reduced
encodings can be selected to minimize the relevant BLT row norms.

3.6 Noise growth under chained multiplications

Character block encodings and standard discrete CKKS encodings differ in how
noise grows along a chain of operations. The difference is structural and visible in
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the per-multiplication noise bound. Write a plaintext slot value as m = m* + ¢,
where m* is the noise-free slot value and ¢ is the slot error. In discrete CKKS the
slot value is an integer in {0,...,¢—1}. In a block encoding it is a root of unity
for BRU and WH, lies in {0} U {¢} ;} for L-BRU, and lies in {0, 1} for IDCT and
TH. For two slot values m1, mo the homomorphic product before rescale satisfies

mime = mim; + mjes + mier + €169
so the slot-wise infinity norm of the new error is bounded by

enewlloo < M3 lloclletlloc + [Im1locll€2llo0 + lle1lloollE2]loo- (%)

The cross-term coefficient is the operand magnitude ||m*|| oo, which is what differs
between the two encoding families.

We compare the two families on the chain operative for our framework,
namely k£ consecutive multiplications of an accumulator by an operand of fresh-
noise budget €g. This covers BLT and LUT applications, encoding switches, and
chains of group-law operations against fresh ciphertexts.

Discrete CKKS encoding. Plaintexts are encoded integers m* € {0,...,t — 1},
50 ||m*||oo < t. The per-step recurrence is ,41 < te, +teg + €,€0. Dropping the
quadratic term and iterating from e gives g ~ t*gq. Correct decoding requires
lleklloo < %, hence k < log,(1/2¢¢). For eg = 27# with 3 ~ 13 and t = 256, only
|12/8] = 1 multiplication is permitted before cleaning becomes necessary.

Character block encoding. Plaintexts are roots of unity, m* € {¢} : k € Z;} for
BRU, and analogously for L-BRU, WH and IDCT. The defining magnitude bound
is ||m*]leo <1, so () reduces to

lenewlloe < lle1lloe + lle2lloc + lle1llocl€2(loo-

The recurrence is €,4+1 < &, + €0 + €p€0. Dropping the quadratic term gives
er < keo(l 4 O(gg)). Correct decoding requires ||eg||oo < sin(w/t) & 7 /t, hence
k < m/(teg). For g = 279 and t = 256 this gives k < 7 - 278 exponentially
better in B than the discrete CKKS bound. At § = 13 the bound is roughly
k =~ 100.

Self-multiplications. For the special case of self-multiplication m — m?2, in-

equality (x) specializes to e,11 < 2||[m*|s&n + €2, s0 the chain bound is &5 <
(2|[m*|| )¥eo. This is 2F&y in a block encoding and (2t)¥eq in discrete CKKS.
Both are exponential in k, but block encoding’s base is 2 rather than 2¢, an
exponential improvement that pushes practical squaring chains into the tens
rather than one or two. The 2% self-multiplication bound is the worst case for
any block encoding, matching the noise growth of discrete CKKS on Z,, which

is its smallest alphabet and best case.
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Cross multiplications. Inequality () holds for any pair of ciphertext operands,
so mixed chains obey per-step bounds of the same shape, with the operand
magnitude |m*||» entering as the structural difference between the two settings.
In a block encoding every slot has magnitude at most 1 across BRU, L-BRU, WH,
IDCT and TH, so ||m*|lcc <1 is preserved exactly under arbitrary products and
the linear chain bound is unconditional. In discrete CKKS the integer slot grows
as mim} = didg, up to (t — 1)?, so ||m*||oc must be brought back below ¢
by an explicit modular reduction between multiplications. The t* chain bound
therefore assumes such a reduction at every step, even though each reduction is
itself a noisy and depth-consuming operation.

This stability also extends to the shape of the noise. In the Fourier-type
encodings BRU, L-BRU, and WH every slot of a nonzero operand carries a unit-
modulus value, so multiplication rotates each slot’s noise rather than rescaling it
and the error covariance remains a scalar multiple of the identity. The isotropy
of Subsection therefore carries through the chain, and the average per-slot
amplification stays close to 1 at every step. In discrete CKKS slots are scaled by
different integer plaintexts at each multiplication, so per-slot variances diverge
across the block and the error becomes anisotropic after a few multiplications,
with the most amplified slots dominated by the operator-norm bound rather
than the Frobenius average.

Table 3. Multiplicative noise growth for a chain of & multiplications under the two
encoding families, with starting error €9 and alphabet size t. Each step multiplies the
accumulator by an operand of fresh-noise budget «o.

Encoding llex]los bound | Max safe chain length
Discrete CKKS o - t* O(log(1/e0)/ logt)
Block encoding | keo(1 4+ O(eo)) O(1/(teo))

Summary. The discrete CKKS bound is exponential in k and logarithmic in 1/eq,
while the block encoding bound is linear in k and linear in 1/&¢. Under random
encryption noise, the empirical prefactor is closer to O(\/E - €0), but the worst
case remains linear in k. CKKS ciphertext noise from encryption, relinearization,
rescaling, and key-switching grows as in standard CKKS. What changes is that
the operand-magnitude amplification in multiplication disappears. This behavior
is observed experimentally in Subsection [7.4

3.7 Cleaning

Cleaning is more naturally expressed in the IDCT (or TH) encoding, by evalu-
ating the cleaning map H : x +— 322 — 22% [DMPS24], which consumes 2 levels
and provides a quadratic reduction in noise. As encoding switches are BLT and
consume one level, any encoding E can be cleaned in at most 4 levels

E-2T . ipcT s ipet B
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where E’ can be either the original or a different encoding.

This gives a constant-depth cleaning procedure whose depth is independent of
the alphabet size ¢t. The key point is that the potentially ¢-dependent operation
is isolated in the two encoding switches, both of which are BLTs, while the
nonlinear cleaning map itself is the fixed polynomial H. This contrasts with
previous approaches [CKKL24BKSS24/AKP25|, where the cleaning depth grows
logarithmically with ¢. For WH encoding, the slots are signs, so one can directly
clean using the map Hy : z +— 1/2(3z—22) which fixes 1 and has zero derivative
at both fixed points, saving encoding switches.

3.8 Switching back and to character block encoding

The encoding switches inside the framework are character-to-character switches,
realized as BLTs, and do not require leaving the character representation. Should
it be necessary to interface with standard discrete CKKS, both directions of
switch are available, at very different costs.

From a character block to standard discrete CKKS. For BRU, the map BRU;(m) —
m is the Fourier inverse

t—1

t—1
t—1 3 km o o 1 —ka
m:T+Zld(k)t ; 'd(k)*gz G
k=1 a=0
which is one BLT. The same applies to L-BRU, WH, and IDCT: each is reduced
to standard discrete CKKS by a single BLT, hence one multiplicative level, with
depth independent of ¢t and low algorithmic complexity.

From standard discrete CKKS to a character block. The reverse direction is not
linear in m. Encoding a scalar m € Z; as BRU;(m) = (¢, fm7...,Ct(t71 ™)
requires computing (/" as a function of the slot value, which no CKKS BLT can
produce on its own. The only homomorphic way to compute ¢;* from m is to
evaluate the discrete exponential approximately, exactly as the EvalExp step of
a CKKS functional bootstrapping |[BKSS24, AKP25|. A naive realization is a
balanced power-basis tree of depth [log,(¢t — 1)], but the structure of EvalExp
admits a depth-saving variant detailed in Appendix[B] Any other block encoding
is reached from BRU by one BLT.

We use the split layout for the switched ciphertext, with each character coor-
dinate held in its own ciphertext. This matches the discrete-CKKS setting where
the N/2 complex CKKS slots are read as N real-valued slots, with the real and
imaginary parts treated separately, so that the bootstrapping output fits the
split coordinates directly without further repacking. Neither switch is needed in
the rest of the paper, where all constructions remain within the block-encoding
framework.
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4 CRT Arithmetic

A natural application of character encodings, and in particular BRU and L-BRU
encodings, is CRT arithmetic. Let T' = ¢1t5 - - - t,, with pairwise coprime integers
tr > 2. By the CRT, there is a ring isomorphism

ZT:Ztlx---thn
and every m € Zr decomposes as
m— (my,...,my), my = m mod tg.

A message m € Zr can therefore be represented by n BRU blocks. When the
moduli ¢; are prime, one may instead use n L-BRU blocks. The blocks may
be packed contiguously within a single CKKS ciphertext or distributed across
multiple ciphertexts. In total, this representation uses Y ,_, (¢tx — 1) slots. For
example, one can use the first 44 primes to perform operations on Zr with
log, T ~ 257 using only 3787 slots, with 193 the largest prime.

In the BRU encoding, component-wise CKKS multiplication of the blocks
adds residues modulo each t;, and therefore adds in Z; under the CRT iso-
morphism. In the L-BRU encoding, component-wise CKKS multiplication of the
blocks multiplies residues modulo each prime tj, and therefore multiplies in Z.

The same CRT decomposition applies to fixed polynomial maps. Let P €
Zr|X] and let P, € Z;, [X] be obtained by reducing the coefficients of P modulo
tp. For m € Zr with CRT components (myq,...,m;), the CRT isomorphism
gives

VEk € [1,n], P(m) mod t; = Px(my).

Hence, evaluating P over Zp reduces to evaluating, independently on each CRT
component, the unary map my — Pg(mg). In either the BRU or L-BRU repre-
sentation, each such component map is a unary LUT and therefore costs one
BLT level, that is, evaluating P costs exactly one level in both encodings.

5 Finite-State Prefix Scans

Several operations on large words with radix digits share the same shape: at each
position a small piece of state is updated locally, and that state is propagated
through the word. For addition the state is the carry; for subtraction, the bor-
row; for comparison, whether the more-significant prefix has already decided the
outcome. We give one generic construction that turns any such operation into a
parallel-prefix scan whose depth is independent of the size of the digit alphabet,
and only depends on the number of digits d, generalizing Cha et al. [CPL26].
Let S be a finite state space, and at each position k let

Fp,:8§—>S8
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be the local transition on this state. Given an initial c_; € S, the state entering
position k is

Cp—1 = (Fk—l ©---0 Fo)(C_l).

A parallel-prefix network such as Kogge-Stone computes all of cg,...,cq_1 in
[logy d] rounds, provided two adjacent transitions can be composed in low depth.

Composition via indicator tables. We represent a transition F : S — § by its
non-reduced IDCT table

TF(C7 T) = 5F(c),7‘7 CT e Sa

so each row Tr(c,-) is the one-hot encoding of F(c). The non-reduced form is
convenient: |S| does not depend on the word length, and the composition formula
becomes a one-hot selection. For two transitions from low bits F; to high bits
F},, the composed transition table is

Tr,or (c,1) = Z Tr (c,s) T, (s,7).
sES

All slot-wise products run in parallel and the sum has plaintext coefficients, so
composition costs one multiplicative level. We compose transitions in the order
they are encountered by the scan, lower-significance first, so that Fj o --- o Fj
matches the digit order.

Bundled summaries. After the scan, each position must emit an output digit or
predicate. To avoid a separate state-consumption LUT after the scan, we bundle
the local output map @ : S — Y with the transition Fj into the summary

By, = (Fi, D),

where @y (c) is the output at position k& when the incoming state is ¢, stored in
any chosen output encoding. Two adjacent summaries combine by

Bl <>Bh = (Fh o Fl, @h o ﬂ)

The transition component propagates state through both intervals. The output
component stores the right-endpoint output as a function of the state entering
the lower interval. Both components are computed by the same one-hot selector
Tr (c,-), so a bundled composition costs the same single multiplicative level as
a transition composition alone.

Proposition 2 (Bundled prefix step). The operation ¢ is associative, and
one application of & costs one multiplicative level when transitions are stored as
non-reduced IDCT tables and outputs state by state in the output encoding. The
proof is given in Appendiz|[C,
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from By,

from B
Tr (c,)

from B,

Fig.2. One ¢ node, expanded. The lower interval contributes its transition table
Tr,(c,-), which functions as a one-hot row selector. A single layer of CKKS slot-wise
multiplications applies this selector in parallel to T, (producing the composed tran-
sition T, or,) and to @5, (producing the right-endpoint output map @5 o F;). Both
products complete within one multiplicative level. The output map &; is not consumed
here: it only participates in bundles whose right endpoint is at position .

By associativity, every parallel-prefix parenthesization yields the same prefix
summary; in particular, By ¢ - -+ © By stores

EpkOFk—lo"'OFOa

and the output at position k is obtained by evaluating this stored table at c_1.
No further LUT is needed after the scan.

Theorem 1 (Generic prefix-scan depth). Let S be a finite state space whose
size is independent of the word length d. Suppose a word operation decomposes
as follows.

— At each position k, a local extraction of depth Dgey emits a bundled summary
By = (Fi,Pr) with Fr, : S — S and &, : S — ).

— The state propagates through the word by parallel-prefix composition.

— The desired output at position k is Py (cx—1), where cx_1 is the state entering
at position k.

Then all output positions are computed in depth
Dyet + [log, d],

using lookup tables whose sizes depend only on |S| and on the local output al-
phabet, not on d.

Proof. The local extraction yields By, ..., Bg—1 in depth Dge;. By Proposition
a parallel-prefix network computes all bundled prefixes Bjg s = By ¢ -+ ¢ By in
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[log, d] rounds, each round costing one level. The output at position k is the
entry @joj(c_1) already stored in Bjy 4, so no further lookup is needed. The
table sizes are constant in d because |S| is. O

In the next section, the local summaries By, are emitted directly by digit-local
LUTs, whose outputs are the transition table and state-indexed output values,
thereby fusing output preparation into the local extraction stage.

6 Radix Arithmetic

We now apply the prefix scan theory to radix operations. Fix a radix ¢t > 2 and
a word length d. A word modulo w = t? is represented by d BRU blocks

d—1
z =Y apt* witha, € Zy  (BRUy(xo), ..., BRU;(za-1)).
k=0

This is a positional representation, not a CRT decomposition. The radix is there-
fore not constrained by coprimality conditions. Throughout this section, when a
digit is used in a carry, borrow, or order test, it is identified with its canonical
representative in {0,...,¢ — 1}. Word operations are computed modulo w and
the output is again given as d BRU blocks.

The main difference with CRT arithmetic is the presence of carries. Addition,
subtraction, and comparison have small-state local updates and instantiate the
prefix-scan framework of Section [5| with |S| < 3.

Specialized packed layout. The packed layout used in this section is wider than
the packed layout of Section [3| Each digit occupies S = 2 slots, with the ¢t — 1
BRU coordinates in the first ¢—1 slots and zero padding in the remaining ¢ —¢+1
slots. The padding is consumed by the spread and basis-product intermediates of
the bivariate LUT during the prefix scan, which use up to 2 slots per digit, and
by the Kogge—-Stone rotation headroom, which improves algorithmic efficiency.

A word is then dg = d + spax consecutive digit blocks, where Sy, =
2Mogz d1-1 i5 the largest Kogge Stone shift, and the trailing syax blocks hold
BRU;(0) so that cyclic shifts within a word do not bring data from a neighboring
word into the scan. A single ciphertext at ring dimension N packs | N/(2dgS)]
such words, each operated on in parallel by the constructions below.

6.1 Addition

Let z = o + y mod t%. The natural application of Theorem [1| takes the carry
as state, Saaqa = {0, 1}, and bundles a local summary (Fy,®Py) obtained from
a bivariate LUT on (xg,yx), with Fi(c) = [(ux + ¢)/t] and Pr(c) = (up +
¢) mod ¢, where u, = x+ys. This direct instantiation has depth 3+ [log, d]. Our
implementation uses instead a Brent—-Kung G/P adder variant that trades one
multiplicative level for substantially smaller plaintext tables, with total depth
4 + [log, d] on the packed layout used in the benchmarks of Section
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The variant separates the per-digit work into two parallel branches. The first
branch computes the carry-free sum

BRU;(ugx mod t) = BRU;(xx) ® BRU: ()

in a single ciphertext multiplication. The second branch produces two scalar per-
digit signals from one bivariate LUT on (xg, yx). The generate signal Gy, is the
BRU delta BRU;(1) — BRU(0) when uj, > ¢ and zero otherwise. The propagate
signal Py is the all-ones character mask when u; = t—1 and zero otherwise. Both
signals live in the same character block as the digit, so one ciphertext carries the
per-digit pair (G, P) across the word.

A Brent—Kung scan over [log, d] rounds composes the per-digit pairs into a
carry prefix. The composition rule is

(G,P)OBK (GI,P/):(G—FP-G/, P-Pl>7

and each round costs one ciphertext multiplication, with a saved P-update on
the final round. After the scan, the BRU value at digit k encodes the carry
entering digit k£ from the digits below.

A final correction combines the two branches. The carry-free sum is multiplied
by a block-zero plaintext mask that zeros out the lowest digit of every batched
word, so that no spurious carry enters digit 0, and the result is then multiplied by
the carry prefix and added back to the carry-free sum. The complete procedure
is Algorithm [2| which uses the CKKS operations of Appendix [A]

Lemma 1 (Correctness of PackedAdd). For inputs x,y € Z,a encoded as d
BRU; digit blocks per word in the layout of Section Algorithm [3 returns a
ciphertext whose per-digit decoding equals the digits of (x + y) mod w, w = t<.
The proof is given in Appendiz[D

The level count is 3 for the bivariate LUT, [log, d] for the scan, and 1 for
the correction multiplication, for a total of 4 + [logy d]. The final carry Gl is
available for non-modular addition as an extra most-significant digit. A worked
example for ¢ = 10 and d = 3 is given in Appendix [E]

6.2 Subtraction

Let z = . —y mod t. The state is the borrow, Sy, = {0, 1}. Subtraction follows
the same Brent—Kung structure as Algorithm[2] The carry-free branch computes
the per-digit raw difference

BRU;(zr — yx mod t) = BRUy(zx) © BRU(yx),

using that BRU;(v) = BRU;(—v mod t). The generate signal is the BRU delta
when z;, < y; and zero otherwise, and the propagate signal is the all-ones mask
when ), = yi, and zero otherwise. The total depth is 4 + [log, d], and the final
borrow G4~ indicates whether the unsigned subtraction underflowed.
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Algorithm 2 Packed radix addition by Brent-Kung G /P prefix scan

procedure PackedAdd(ct,,ct, € Rp
BRU-t digit blocks at slot stride S =t
Smax = 2/1°8241=1 45 defined above
1: ctrs « Mul(ctz, cty)
ct,s < Rotate(cts, —5), ct,s < Rotate(cty, —5)
(ctg,ctp) < BivariateLUT (ct,, ct,/; fa, fp)
for r € [0, [log, d] — 1] do
ctg> <+ Rotate(ctg, —2795), ctgﬁ) < Rotate(ctp, —275)
ctg + Add(cte, Mul(ctp, ct(c‘;)))
if r < [log,d] — 1 then
ctp Mul(ctp,ctftf>)
cts < MulPlain(ctys, pt,, . q0)
¢ Cteorr < Mul(ctg, cts)
return Add(ct,s, Cteorr) € R,

), where ct, and ct, encode each word into d

ﬁ, padded to ds = d+ smax blocks per word with

[

2
Qr—a—T[logy d]

6.3 Comparison and Equality

For unsigned comparison, the state Semp = {eq, It, gt} records the comparison
result of the already-processed more-significant prefix. Once a more-significant
unequal digit is found, the state is absorbing:

It T < Yk,
Fp(lt) =1It, Fi(gt) =gt, Fr(eq) =gt x> Y,
eq T = Yk-

The output map can be @x(c) = Fi(c) encoded as a non-reduced indicator
over Semp, Or any chosen subset of the predicates {z < y,z = y,z > y}. A
most-significant-first scan with initial state eq yields the comparison in depth
3 + [log, d]. If only equality is needed, the smaller state Seq = {0,1} suffices,
with Fj(e) = e - 0,4, and 0 absorbing. The scan may proceed in either digit
order, and the depth is again 3 + [log, d].

7 Experimental Results

The experiments were run on a desktop equipped with an AMD Ryzen 9 9950X
and 64GB of RAM, using a single thread. We used Pro7ech’s Lattigo [lat24]
FHE library for all computation. E| We use either log, N = 15 or logy N = 16,
depending on the computation depth. The hamming weight of the secret key is
h = 256, which gives a threshold for the modulus QP of 774 bits for log, N = 15
and 1553 bits for log, N = 16, according to the most conservative estimations
on sparse key security from [Ogi26] for 128 bits of security, using the tables

4 Our implementation will be made publicly available.
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of [Dum26|. CKKS bootstrapping is not needed for any computation presented
below, but we systematically choose parameters that leave enough modulus to
perform bootstrapping and then re-run the same computation, so that they re-
main composable. Therefore, log, QP as reported in the tables below is the
modulus chain used by each listed operation in isolation, not the parameter ceil-
ing: the underlying CKKS instance is set up to the secure threshold above, so
a standard CKKS bootstrapping can raise the chain back to that ceiling and
restore the short chain between operations when needed. Functional bootstrap-
ping examples were run with OpenFHE v1.5.1 |[BAB™22| on the same hardware.
All reported timings are averaged on 10 iterations.

7.1 General Performances

Table [d] reports the cost of the five primitive operations of the framework in the
BRU encoding and the packed layout, across alphabet sizes t = 2'°82* focused
on log,t € {2,4,8}. The group-law operation is one CKKS multiplication and
has constant cost in ¢t. LUT, Bivariate LUT, and 4-variate LUT scale with the
alphabet size through the cost of the spread and basis-product steps of Algo-
rithm [T} Full scans are in Appendix [F] and the precision behavior across chained
operations is discussed in Section [7.4]

Table 4. Primitive operations in the BRU encoding, packed layout, single thread.
The group-law operation is one CKKS slot multiplication, which in BRU evaluates
a modular addition. Amortized time is the latency divided by the number of packed
values, which we maximize for a set ¢ at [IN/2(t—1)], except for bivariate and 4-variate
LUTs at | N/2t?] and | N/2t*] respectively to minimize latency.

l Operation ‘ log, t ‘ logy, N ‘ log, QP ‘ log, A ‘ Values ‘ Latency ‘ Amtz. time ‘
Group Law 4 15 155 40 1092 4.9 ms 4 s
LuT 2 15 155 40 5461 8.7 ms 2 ps
LUT 4 15 155 40 1092 | 24.2 ms 22 ps
LuT 8 15 155 40 64 122.5 ms 1.9 ms
Bivariate LUT | 2 15 235 40 1024 | 102.1 ms 100 ps
Bivariate LUT 4 15 235 40 64 324.2 ms 5.1 ms
4-variate LUT 2 15 275 40 64 943.5 ms | 14.7 ms
Cleaning 2 15 275 40 5461 | 56.4 ms 10 ps
Cleaning 4 15 275 40 1092 | 123.6 ms 113 us
Cleaning 8 15 275 40 64 507.9 ms 7.9 ms

Table [5| fixes logot = 4 and reports LUT and Cleaning across the four
block encodings. LUTs have very similar latency across encodings. Cleaning is
qualitatively different: BRU and L-BRU require an encoding switch into IDCT
to reach the degree-three cleaning polynomial, so they consume four levels at
log, QP = 275, whereas WH is cleaned directly through the fixed-point polyno-
mial Hy, with IDCT at two levels and log, QP = 195.
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Table 5. LUT and Cleaning across encodings at log, ¢t = 4, packed layout, log, N = 15,
log, A = 40, single thread. The Group Law and multivariate LUTs behave like the BRU
column of Table [4] for every encoding and are not repeated. L-BRU requires a prime
modulus and falls back to the alphabet of size 13 at the nominal log, t = 4, which uses
12 slots per block instead of 15 which increases the number of values treated at once.
The comparison is therefore not strictly like-for-like.

l Operation [ Encoding [ log, t [ log, QP [ Values [ Latency | Amtz. time ‘

LUT BRU 4 155 1092 | 24.2 ms 22 us
LuT L-BRU ~4 155 1365 | 20.5 ms 15 us
LUT WH 4 155 1092 | 24.2 ms 22 us
LuUT IDCT 4 155 1092 | 19.8 ms 18 us
Cleaning BRU 4 275 1092 | 123.6 ms 113 us

Cleaning L-BRU ~4 275 1365 | 109.0 ms 80 us
Cleaning WH 4 195 1092 | 12.5 ms 11 ps
Cleaning IDCT 4 195 1092 | 12.6 ms 12 ps

Table [f] reports the LUT evaluated through the AKP functional bootstrap-
ping [AKP25| in OpenFHE on the same machine, for comparison at the same
logy t € {2,4,8}. The full log, t scan is in Appendix

Table 6. LUT through the AKP functional bootstrapping [AKP25| in OpenFHE
v1.5.1, single thread. The number of values is the full ring dimension N, as the real
and imaginary part of the ciphertext are treated separently.

l log, t [ log, N [ log, QP [ log, A [ Values [ Latency [ Amtz. time ‘

2 16 1036 35 65536 | 6.70 s 102 ps
4 16 1234 38 65536 | 8.51s 130 ps
8 16 1656 47 65536 | 17.31s 264 us

The two approaches sit on opposite sides of the same tradeoff. Our leveled
LUT is two to three orders of magnitude faster per evaluation, since it consumes
one multiplicative level rather than a full bootstrapping. The functional boot-
strapping has more throughput, beating LUT evaluation on larger alphabets like
log, t = 8 an order of magnitude. However, in a computation that chains LUTSs,
our framework avoids paying a bootstrapping at every lookup, at the cost of a
smaller SIMD width for improved latency.

7.2 CRT Performances

Table |Z| reports CRT arithmetic on log, T-bit moduli built from the first primes
such that the product exceeds 2'°22 7. Addition and subtraction are native in
BRU, multiplication is native in L-BRU, and the encoding switch is one BLT
per component. Cleaning is the constant-depth procedure of Section All
operations are exact modulo 7.
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Table 7. CRT arithmetic, packed layout, single thread. The number of packed values is
L(N/2)/ 3. (pi—1)] over the component primes, which at log, T' = 64 are the primes up
to 53 (3_,(pi—1) = 365) and at log, T' = 256 the primes up to 193 (3>, (p; —1) = 3787).

l Operation [ log, T [ log, N [ log, QP [ log, A [ Values [ Latency [ Amtz. time ‘
Add 64 15 155 40 44 4.7 ms 106 ps
Sub 64 15 155 40 44 8.4 ms 190 ps
Mul (L-BRU) 64 15 155 40 44 4.7 ms 106 s
BRU — L-BRU 64 15 155 40 44 48.1 ms 1.1 ms
Cleaning 64 15 275 40 44 224.9 ms 5.1 ms
Add 256 15 155 40 4 4.7 ms 1.2 ms
Sub 256 15 155 40 4 8.4 ms 2.1 ms
Mul (L-BRU) 256 15 155 40 4 4.7 ms 1.2 ms
BRU — L-BRU | 256 15 155 40 4 103.9 ms 26.0 ms
Cleaning 256 15 275 40 4 449.1 ms | 112.3 ms

The closest shared metric with concurrent work is the cost of a 256-bit mod-
ular multiplication amortized over packed slots. Reported figures for amortized
time are 4.69 s [BK25| under approximate reduction, 62.3 ms |[Kim25b| under
lazy reduction, 76 ms |GZ26| in the arithmetic mode of the triangle encoding,
and 292 ms [CPL26|, all using bootstrapping. Our 1.2 ms is depth-one and exact,
but it is not on exactly 256 bits and does not include the cost of refreshing the
modulus budget or cleaning the value. However, as discussed in Subsection [7.4]
cleaning is not needed for very long chains of operations, even 256 bits CRT
multiplications. Also the main advantage remains latency, which is three to four
orders of magnitude lower than previous works [BK25|[Kim25b, CPL26,GZ26)|.

7.3 Radix Performances

Table |8 reports radix arithmetic on log, w-bit words, with radix ¢ = 4 and word
length d = log, w/2. Addition and subtraction use the Brent-Kung G/P prefix
scan of Algorithm [2} Equality, less-than, and compare instantiate Theorem
directly. Cleaning is the constant-depth procedure of Section [3.7]

7.4 Precision under chaining

Figure (3| shows the precision of the encrypted output after k consecutive oper-
ations, with a CKKS bootstrapping inserted whenever the modulus chain runs
out. The three primitives reported are the group law (one CKKS multiplica-
tion), a unary LUT (BLT), and a 256-bit CRT modular multiplication. Each
curve averages 3 random seeds at logo N = 16 and log, QP = 1513. Each itera-
tion applies a fresh random LUT, restricted to bijective f (a uniformly random
permutation). A chain of random non-bijective f collapses, within a few itera-
tions, into the short fixed-point cycles of its functional graph and stops being
a meaningful test of accumulated noise on diverse plaintexts. For bijective f,
the LUT remains non-degenerate at every iteration and the corresponding A
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Table 8. Radix 4 arithmetic, using the operations of Section [} The depth scales as
4+ [log, d] for addition and subtraction, 3 + [log, d] for equality (Eq), less-than (Lt),
and compare (Cmp), and 4 for cleaning. The number of packed words is | (N/2)/(t* -
(d 4 2Me2241=1)) | where t* = 16 slots per digit and the additive headroom isolates
words from the cyclic rotations of the scan.

l Operation ‘ log, w ‘ logy N ‘ log, QP ‘ log, A ‘ Words ‘ Latency ‘ Amtz. time ‘

Add 64 16 480 40 42 2.11s 50.2 ms
Sub 64 16 480 40 42 2.21s 52.7 ms
Eq 64 16 440 40 42 1.02 s 24.4 ms
Lt 64 16 440 40 42 1.40 s 33.2 ms
Cmp 64 16 440 40 42 1.78 s 42.5 ms
Clean 64 16 280 40 42 119.9 ms 2.9 ms

Add 256 16 560 40 10 3.16 s 316.1 ms
Sub 256 16 560 40 10 3.29 s 328.5 ms
Eq 256 16 520 40 10 1.57 s 156.5 ms
Lt 256 16 520 40 10 2.21s 220.6 ms
Cmp 256 16 520 40 10 2.87 s 286.8 ms
Clean 256 16 280 40 10 118.2 ms 11.8 ms

is unitary (Subsection , so the per-iteration BLT-noise contribution is the
same in every direction. Bootstrapping appears as vertical drops in precision,
and is executed every 11 operations in every chain. Identical parameters and
bootstrapping are used for all configurations.

Group law (BRU) Unary LUT (BRU)  CRT mul, 256-bit (L-BRU)
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Fig. 3. Precision of the encrypted output after k consecutive operations at log, N = 16,
averaged over 3 random seeds. A CKKS bootstrapping is performed when the modulus
chain is exhausted, every 11 operations in every chain. Bootstrappings appear as the
sharp vertical drops. The reported precision is the worst across all slots. The LUT for
each iteration is freshly randomly generated.
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Two observations follow from the figure. First, the steady-state precision stays
well above the correctness threshold for every chain, including after nine boot-
strappings and 100 consecutive operations, so the chain length is bounded by
the level budget alone rather than by precision. Second, the post-bootstrapping
precision is much higher when the chain consists of unary LUTs than when it
consists of slot multiplications. For the group law and the CRT multiplication,
the precision after the first bootstrapping is approximately 15.6 bits, while for the
unary LUT it sits at approximately 24.3 bits across the entire log, ¢t € {2,4, 6, 8}
range, for an identical bootstrapping. After the first bootstrapping, the precision
drops sharply, then decays approximately linearly at a slow rate within our 100-
iteration window. The linear decay is consistent with the noise-growth analysis
of Section [3.6] which predicts a per-multiplication error contribution that adds
linearly in the number of operations on unit-circle encodings. After nine boot-
strappings, the precision sits at approximately 12.4 bits for the group law and
the CRT chain, and at approximately 22.5 bits for the unary LUT chains, still
well above the log,(2t) correctness threshold for any alphabet up to t = 256. On
the group-law and CRT chains, whose precision sits at about 12.4 bits after a
hundred iterations, one cleaning operation (Subsection brings the precision
to 15.05 bits. At the empirical degradation rate of 0.040 bits per iteration mea-
sured on these chains, this 2.65-bit gain corresponds to roughly 66 iterations of
saved degradation, so one cleaning extends the usable chain by approximately
that many operations before the precision returns to the same level. The unary
LUT chains do not benefit from cleaning, since their plateau is already above
the cleaning floor.
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A CKKS Operations and Bootstrapping

We collect the homomorphic operations used by the constructions of the pa-
per, together with a short description of CKKS bootstrapping. Throughout, a
ciphertext at level £ is a pair ct = (b,a) € Réz with b+ as ~ m + e mod Q, for
some small error e and some plaintext m € R with scaling factor A. When two
ciphertexts have the same level we operate at that level directly, otherwise we
first apply DropLevels to align them.

A.1 Operations

Key switching. For a source key s and a target key s’, a key-switching key
swk,_, ¢ is a gadget-decomposed encryption of s under s’. The operation

KeySwitch(ct, swky_, /)

converts an encryption of m under s into an encryption of m under s’ at the
same level, at the cost of one gadget-product per ciphertext. The relinearization
key rlk switches from s? to s, the conjugation key cnk switches from s(X 1) to

s, and the Galois key gk, switches from s(X 5" to s for rotations.
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Linear operations. For ct; = (by,a1) and cta = (be, as) at level £ with common
scaling factor A, a plaintext pt € R, and a complex constant z € C encoded as
a scaled plaintext pt, = Encodea(z):

Add(Ctl, Ctg) = (bl + b2, ai + 112) mod Qz,
AddPlain(cty, pt) = (b1 + pt, a1) mod Qy,
AddConst(cty, z) = AddPlain(cty, pt,).

None of these operations consume a multiplicative level, and they preserve A.

Plaintext multiplication. For a plaintext pt with scaling factor A,
MulPlain(cty, pt) = (b1 - pt, a1 - pt) mod Q.

The output has scaling factor A% and is brought back close to A by a subse-
quent Rescale, which drops one level. The same procedure with pt = Encode (2)
realizes MulConst(cty, 2).

Ciphertext multiplication and rescaling. For ct; and cty at level ¢ with scaling
factor A, we compute the tensor

(do,d1,d2) = (b1b2, a1bz + azby, ajaz) mod Qy
and relinearize using rlk:
Mul(cty, cte) = (do, d1) + KeySwitch(dz, rlk) mod Q.

The output has scaling factor A%. The operation Rescale(ct) returns |ct/q,] at
level £ — 1 with scaling factor A?/q,. For g, ~ A, this brings the output back to
a scaling factor close to A.

Rotation and conjugation. A slot rotation by k steps applies the Galois auto-
morphism X — X 5" {0 the polynomials of ct; and then KeySwitch with gk, to
restore the secret s. Conjugation applies X — X! and then KeySwitch with
cnk. Neither operation consumes a multiplicative level.

A.2 Bootstrapping

CKKS bootstrapping refreshes an exhausted ciphertext to a higher level, so that
further multiplications can be performed. For an encryption of m at modulus
qo, it returns an encryption of 7 ~ m at a higher modulus Qpign, Where Qnigh
is determined by the bootstrapping parameters. The procedure has four steps.

— ModRaise: raise the ciphertext modulus from gg to Q1 without changing the
polynomial, giving an encryption of m = m + oI for some small I € Z[X].

— CoeffsToSlots: homomorphically apply 7! to place each coefficient m; of ™
into its own slot.
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— EvalMod: approximate x +— x mod gy on each slot by a polynomial approx-
imation of x — (qo/27)sin(27wx/qo), which equals x mod go when ¢ >
||m|oo- After this step each slot holds m; ~ m;.

— SlotsToCoeffs: homomorphically apply 7 to return slot data to the coefficient
representation, giving an encryption of 1.

The resulting ciphertext has level L — LcoeffsToSlots — LEvalMod — LSlotsToCoeffs, Where
L, is the number of levels consumed by the corresponding step.

The constructions of this paper do not depend on a specific bootstrapping
procedure. Bootstrapping is invoked only to regain multiplicative depth, and
any CKKS bootstrapping in the literature can be used. Functional bootstrap-
pings [BKSS24|/AKP25| replace the sine by a complex exponential — which shares
27 periodicity — followed by a Hermite interpolation of degree ¢ — 1. Addition-
ally, it usually is a SlotsToCoeffs first bootstrapping, that is that the order of
operation is SlotsToCoeffs —+ ModRaise — CoeffsToSlots — EvalMod.

B Switching from discrete CKKS to a character block

We detail a depth-saving variant used to switch a standard discrete CKKS ci-
phertext encoding values in Z; slot-wise into split-layout BRU. The input may
equivalently be the post-ModRaise ciphertext of a bootstrapping after SlotsToCoeffs,
ModRaise, and CoeffsToSlots, whose slots carry m + ¢ol for the overflow polyno-
mial I. The EvalExp stage absorbs that overflow as part of producing (/™.

A direct realization computes the base coordinate ;" via the EvalExp stage
of a functional bootstrapping and then forms the remaining ¢ — 2 coordinates
by a balanced power-basis tree of [log,(t — 1)] ciphertext multiplications. The
variant exploits the structure of EvalExp. We use the construction of [BKSS24],
which evaluates the sine and cosine of 2wz /t in parallel as two polynomial ap-
proximations and recombines them into {J* = cos(2mm/t)+isin(2rm/t). Scaling
the input by an integer k before these interpolations produces (™ at the same
depth as ¢}". Running K such pre-scaled EvalExp evaluations in parallel on ct
therefore returns the first K BRU coordinates ¢J™,...,(~X™ at the depth of a
single EvalExp, with no extra multiplicative level.

The remaining coordinates (™ for k € [K+1,t—1] are written as k = ¢K +r
with r € [1, K] and g > 1, and recovered as

km _ rrm _ r~qKm

t =6t t -
A balanced power basis of (f™ up to exponent £ = [(t — 1)/K] — 1 is com-
puted in [log, k] levels, after which each remaining coordinate costs one cross-
multiplication. The total depth above the functional bootstrapping is [log, x]+1,
against [log,(t — 1)] for the direct power-basis tree. For ¢t = 256 and K = 16
this is 4 + 1 = 5 levels instead of 8. The default parallelism we use is K = 16.

The complete procedure is Algorithm [3] Any other block encoding is reached
from the returned BRU block by one BLT.
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Algorithm 3 Switch from standard discrete CKKS to a split-layout BRU ; block

procedure ToBRU(ct € R2Qw K) with each slot of ct encoding a value in Z; and
parallelism budget 1 < K <t—1

1: for k € [1, K] in parallel do

2: ct™® < EvalExp, (Mullnt(ct, k))

3: if K >t—1 then

4:  return (ct®, ... ct®D)

5 ke [t—-1)/K] -1

6: 7 ¢ ™)

7: for g € [2, k] in the order of a balanced product tree on [1, k] do
8: pick ¢, ¢" > 1 with q/’ +q" =q

9: 7@ Mul(z(@), 7(@")
10: for k € [K +1,t—1] do
11: write k = ¢K +r with r € [1, K] and ¢ > 1
12: ct® — Mul(ct™, 7(@)
return (ct<1>, e ,ct(tfl)) as the split-layout BRU ; representation

C Proof of Proposition

Proof. Let
B =End(S) x Y°

be the set of bundled summaries. For a finite interval of positions [a, b], define
the ideal summary
Blay) = (Flap), Plap)

by
F[a,b] :FbObel o-~-oFa

and
Plap) =Poo Fp_10---0F,,

with the convention that @[, o) = @,. Thus F], ) is the state transition through
the whole interval, whereas @[, is the output at the right endpoint b as a
function of the state entering the interval at a.
We first prove the stronger claim that for every interval [a,b], every paren-
thesization of
B,oBg110---0 DBy

evaluates to By ). The claim is clear when a = b. Assume now that it holds
for all intervals of length smaller than b — a + 1, and consider an arbitrary
parenthesization of the product on [a, b]. Its last operation splits the interval at
some r with a < r < b, so the product has the form

(Bao--oBp)o(Bry10--0By).
By the induction hypothesis, the two factors are respectively

Blag) = (Flag)s o) and By = (Firg1,)s Pirg1,8))-
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Therefore, by the definition of ¢,
Blas) © Bpri1p) = (Firs1) © Flaw)s Pprs1.8] © Fla) -
The first component is
Fyo--oF.10F,0---0F, =Fpyy.
The second component is
ByoFy 10--0F 1 0F 0 0F, =4y

Hence the product equals By, ], independently of the split r and independently
of the parenthesization. This proves the claim for [a,b] by induction.

Taking b = a + 2 gives associativity of ¢. More importantly, the same argu-
ment shows that every prefix product

ByoBio---0 By
is well defined and equals
(Fpo---0oFy,ProFp_10---0Fp).
Thus the output at position k, for initial state c_1, is precisely the stored value

Dpo,p)(c-1)-

It remains to justify the level count. Let B; = (F}, ®;) and By, = (Fy, ®p). In
non-reduced IDCT table form, the transition component of B; ¢ By, is

TFhOFl (C, T) = Z TFL (C, S)TFh (8’ 7').
seS

For each output slot j, the output component is

(@n o F1)j(c) =Y Trlc, s)Ph;(s).

seS

Both formulas use the same one-hot selector Tr, (c, ). All products appearing in
these formulas can be evaluated in one parallel ciphertext-ciphertext multiplica-
tion layer. The sums over s are plaintext linear combinations with coefficients in
{0,1} and therefore do not add multiplicative depth. Hence one bundled com-
position costs one multiplicative level. a

D Proof of Lemma [1

We prove that Algorithm [2{ computes the digits of (z +y) mod ¢ when z and y
are encoded as d BRU-¢ digit blocks per word. Let w = exp(2mi/t) so that the
j-th coordinate of BRU;(m) is wUTD™ for j € [0, — 2]. Throughout, equalities
between BRU vectors are coordinate-wise, ® denotes the Hadamard product,
and we identify a digit block in a ciphertext slot range with the BRU vector it
carries.
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Carry-free branch. Since BRUy, is a character on (Z;, +), slot-wise multiplication
realizes addition modulo ¢ block by block. With uy, = z; +yr and s = ugx mod ¢,

BRUt(xk) © BRUt(yk) = BRUt(Sk).

Step 1 of Algorithm [2| therefore produces ct,s with BRU;(s) at digit position &
of every batched word.

BRU increment identity. For every s € Z;,
BRU,(s) + (BRU;(1) — BRU;(0)) ® BRU,(s) = BRU,(s + 1 mod t).

Indeed, on coordinate j the left-hand side equals wU+Ds(1 + wi! — 1) =
wUFTDEHD which is the j-th coordinate of BRU;(s+1 mod t). Set § = BRU;(1)—
BRU,(0). Then for any ¢ € {0, 1},

BRU,(s) + c¢- 8 ® BRU;(s) = BRU;(s + ¢ mod t).

Per-digit signals. By construction of the bivariate LUT, the slot range of digit
position k in ctg holds either § or the zero vector, and in ctp either 1 or the
zero vector, with

Gr =g -0, P, =pr-1, Ok = Ouy>ty Pk = Oup—t—1-

The pre-shift by —S on the LUT inputs is the index shift that aligns each carry
signal with its consumption point. After the pre-shift, the slot range of digit
position k of ct,s holds BRU;(zx—1) and likewise for ct,/, so the LUT output
at position k encodes (Gr_1, Py—1). This is exactly the carry that digit k& — 1
contributes to the carry entering digit k, hence the comment "the LUT emits
carry-into directly" in the source code. The Kogge-Stone scan then composes
these signals across positions, and after [log, d] rounds the slot range of digit &
holds the prefix carry that arrives at digit k& from the digits below. The block-
zero plaintext mask used later suppresses any spurious carry that this alignment
could otherwise inject into digit 0 of each batched word.

Brent—-Kung scan. Define the scan composition on pairs of vectors by
(G,P)o(G',P)=(G+PoG, POP).

The vector substructure of G and P collapses under ¢. Since P € {0- 1,1}, the
product P © G’ equals G’ if P =1 and 0 if P =0, and P® P’ € {0-1,1}.
Writing G = grd and P = pi1, the scan reduces to the scalar recurrence

(g1, k) © (g1 Prr) = (gk + PrGRrs PrDE!)

on the scalar pair (gk, pk).
We verify that this scalar recurrence stays in {0,1}? and matches the text-
book OR-based Brent-Kung carry recurrence. At a single digit, g, = 1 forces
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up > t and py = 1 forces up = t — 1, so gr and p; are mutually exclusive.
Assume by induction that the composed pair (g, p) has mutually exclusive com-
ponents, and likewise (¢’,p’). If the new propagate pp’ = 1 then p = p’ = 1,
hence g = g’ = 0 by the induction hypothesis, so the new generate g + pg’ = 0.
Thus mutual exclusivity is preserved by composition. In particular g + pg’ never
exceeds 1, because g = 1 implies p = 0 and forces the second summand to van-
ish. The scalar recurrence is therefore boolean and coincides with the standard
Brent—Kung carry recurrence.
After [log, d] rounds, the abstract scan computes the prefix carries

(%]

9" = gk +Prgk—1 + DkPk—19k—2 + -+ + PkDk—1 - - P19o,

which is the carry leaving digit k, equivalently the carry entering digit k + 1.
With the pre-shift of the previous paragraph, the ciphertext slot range of digit
position k of the scan output holds gl*~1 . §, where the convention g~ = 0
accounts for the padding signal (G_1, P_1) = (0,0) at position 0.

Correction. Let ¢ € {0,1} denote the carry entering digit k, so that c¢g = 0 and
cx = g*=Y for k > 1. By the pre-shift alignment, the value at position k of the
scan output is exactly ¢ - §. Step 9 of Algorithm [2] computes cts, whose value
at digit k is BRUy(sx) if £ > 1 and zero if k = 0, by virtue of the block-zero
plaintext mask. Step 10 then forms cte,,, whose value at digit k is

(ck - 8) ®ctsly = cx - 6 © BRUg(sg) for k >1
and zero for k = 0. The final Add on step 11 returns at digit k the value
BRU;(sk) + ¢k - 6 @ BRU;(sg) = BRUt(sk + ¢ mod t)

by the BRU increment identity. Since s + ¢ mod t is precisely the k-th digit
of (z + y) mod t? for the carry ¢, produced by Brent-Kung, the algorithm is
correct. 0

E Worked example: 3-digit decimal addition

We trace Algorithm [2] on a small instance of the addition construction of Sec-
tion [6.1] Take radix ¢t = 10, word length d = 3, and add = = 247 and y = 158.
The expected sum is z = 405, with digits zg = 5, 21 =0, 20 = 4.

Per-digit signals. With up = zp, + yg, the carry-free digit is sy = ur mod 10, the
generate bit is gy = 0y, >10, and the propagate bit is pr, = 4, —9.

The raw-sum ciphertext ct,s encodes BRU1o(sy) at digit &, obtained from one
ciphertext multiplication of BRU1o(x) and BRU;o(y). The bivariate LUT applied
to the pre-shifted inputs emits ctg and ctp, where the Gy, slot block is the BRU
delta BRU1g(1) — BRU1(0) if g, = 1 and zero otherwise, and the Py slot block
is the all-ones character mask if pp = 1 and zero otherwise.
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[k (o ur) [ue [ se | gr | P
0| (7,8 |15 5|10
1| (4,5) 919|011
2| (2,1) 3131010
Position 0 Position 1 Position 2

Initial | (1,0)

Y
After round 0 @

After round 1 (11'0)

Fig. 4. Brent-Kung scan for d = 3 traced on the (g,p) summaries of the worked
example. The combine is (g,p) ¢ (¢',p") = (g +pg’, pp’), drawn as o. At round r,
position k combines with position k — 2"; positions whose source falls below 0 keep
their value, since the zero padding contributes nothing through o.

Brent-Kung scan. With d = 3 we use [log, 3] = 2 rounds. Figure {4] traces the
scalar (g, pr) component at each position, since the BRU shape of each signal
is identical across rounds.

After two rounds, the g-values are the carry prefix. The carry entering digit
0 is fixed at 0, the carry entering digit 1 is g/ = 1 (produced by ug = 15), and
the carry entering digit 2 is gl!! = 1 (propagated from below through u; = 9).
The final g[?! = 0 confirms no carry leaves the word.

Correction. The block-zero mask zeros out the lowest-digit block of ct,s, then
the masked ciphertext is multiplied by ctg and added back. At digit £ > 1, the
correction adds BRU1(1) —BRU10(0) when gl*~1 = 1 and zero otherwise, which
is exactly the BRU increment by the incoming carry. Reading the output:

20 = Sg = 5, z1 = (81 + 1) mod 10 =0, 2o =8+ 1=4,
so z = 405 as expected.
Depth. The bivariate LUT consumes 3 levels. The two scan rounds consume

2 levels. The final correction multiplication consumes 1 level. The total is 4 +
[log, 3] = 6 levels, matching the bound of Section
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F Detailed benchmarks

We collect the full log, ¢ scans of the primitive operations of Section and of
the AKP functional bootstrapping comparison. All numbers are single-thread,
with a scaling factor logy, A = 40 and packed layout.

Table 9. Full log, t scan of BRU-encoded operations, packed layout. Following Table
the value count is | N/2(t — 1)] for LUT and Cleaning, | N/2t*] for the bivariate LUT,
and | N/2t*| for the 4-variate LUT.

l Operation [ log, t [ log, N [ log, QP [ Values [ Latency [ Amtz. time ‘
LUT 2 15 155 5461 8.7 ms 2 ps
LUT 3 15 155 2340 | 15.8 ms 7 ps
LUT 4 15 155 1092 | 24.2 ms 22 us
LUT 5 15 155 528 | 34.9 ms 66 ps
LUT 6 15 155 260 53.5 ms 206 pus
LUT 7 15 155 129 | 80.1 ms 621 us
LUT 8 15 155 64 122.5 ms 1.9 ms
LUT 9 15 155 32 203.8 ms 6.4 ms
LUT 10 15 155 16 3423 ms | 21.4 ms
Bivariate LUT 2 15 235 1024 | 102.1 ms 100 us
Bivariate LUT | 3 15 235 256 | 170.5 ms 666 us
Bivariate LUT 4 15 235 64 324.2 ms 5.1 ms
Bivariate LUT 5 15 235 16 725.0 ms | 45.3 ms
4-variate LUT 2 15 275 64 |943.5ms| 14.7 ms
4-variate LUT 3 15 275 4 521 s 1.30 s
Cleaning 2 15 275 5461 | 56.4 ms 10 ps
Cleaning 3 15 275 2340 | 87.9 ms 38 us
Cleaning 4 15 275 1092 | 123.6 ms 113 ps
Cleaning 5 15 275 528 | 163.1 ms 309 us
Cleaning 6 15 275 260 |243.4 ms 936 us
Cleaning 7 15 275 129 | 338.9 ms 2.6 ms
Cleaning 8 15 275 64 507.9 ms 7.9 ms
Cleaning 9 15 275 32 801.2 ms | 25.0 ms
Cleaning 10 15 275 16 1.28 s 80.1 ms
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Table 10. Cross-encoding LUT and Cleaning at log,t € {2,4,8}, packed layout,
log N = 15. The BRU rows are in Table @] L-BRU requires a prime modulus and falls
back to alphabets of size 3, 13, and 251 at the nominal log, ¢t € {2,4, 8}, rather than
4, 16, 256. The smaller alphabets use p — 1 slots per block, which inflates the packing
relative to WH and IDCT at the same nominal log, ¢; the comparison is therefore not
strictly like-for-like.

l Operation [ Encoding [ log, t [ log, QP [ Values | Latency | Amtz. time

LUT L-BRU 2 155 8192 7.7 ms 1 ps
LUT L-BRU 4 155 1365 | 20.5 ms 15 us
LuUT L-BRU 8 155 65 124.3 ms 1.9 ms
LUT WH 2 155 5461 8.8 ms 2 us
LUT WH 4 155 1092 | 24.2 ms 22 ps
LuUT WH 8 155 64 124.8 ms 1.9 ms
LUT IDCT 2 155 5461 8.6 ms 2 us
LUT IDCT 4 155 1092 | 19.8 ms 18 us
LUT IDCT 8 155 64 107.4 ms 1.7 ms
Cleaning L-BRU 2 275 8192 | 54.6 ms 7 us
Cleaning L-BRU 4 275 1365 | 109.0 ms 80 us
Cleaning L-BRU 8 275 65 522.0 ms 8.0 ms
Cleaning WH 2 195 5461 | 12.6 ms 2 us
Cleaning WH 4 195 1092 | 12.5 ms 11 ps
Cleaning WH 8 195 64 12.5 ms 195 us
Cleaning IDCT 2 195 5461 | 12.5 ms 2 us
Cleaning IDCT 4 195 1092 | 12.6 ms 12 us
Cleaning IDCT 8 195 64 12.6 ms 197 us

Table 11. Full log, t scan of the AKP functional bootstrapping |[AKP25| in OpenFHE
v1.5.1, single thread. The number of values is the full ring dimension N.

l log, t [ log, N [ log, QP [ logy, A [ Values [ Latency [ Amtz. time ‘

2 16 1036 35 65536 | 6.70 s 102 ps
3 16 1115 37 65536 | 7.22s 110 ps
4 16 1234 38 65536 | 8.51s 130 ps
5 16 1393 43 65536 | 9.40s 143 ps
6 16 1520 44 65536 | 10.95 s 167 ps
7 16 1524 46 65536 | 13.46 s 205 us
8 16 1656 47 65536 | 17.31 s 264 ps
9 16 1728 48 65536 | 22.66 s 346 s
10 17 2078 53 131072 | 75.73 s 578 us
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Table 12. Conversion between standard discrete CKKS and the split-layout BRU;
representation, single thread. The forward direction is a single BLT at log, QP =
155. The reverse direction is the depth-saving variant of Appendix [B] and runs in the
log, QP = 770 chain that accommodates one functional bootstrapping plus the power-
basis tree. The level cost of the reverse direction grows from 9 at log,t = 2 to 13 at
log, t = 7 as the power-basis tree widens. Each conversion processes N/2 values, since
the split layout dedicates one slot to each character coordinate.

l Operation [ log, t [ log, N [ log, QP [ Levels [ Latency [ Amtz. time
Split BRU — standard 2 15 155 1 1.4 ms 86 ns
Split BRU — standard 3 15 155 1 2.4 ms 144 ns
Split BRU — standard | 4 15 155 1 4.1 ms 252 ns
Split BRU — standard 5 15 155 1 7.5 ms 456 ns
Split BRU — standard 6 15 155 1 13.9 ms 846 ns
Split BRU — standard | 7 15 155 1 27.3 ms 1.7 ps
Split BRU — standard 8 15 155 1 54.9 ms 3.3 us
Standard — split BRU 2 15 770 9 5.16 s 315 ps
Standard — split BRU 3 15 770 9 8.29s 506 us
Standard — split BRU 4 15 770 9 14.62 s 892 us
Standard — split BRU 5 15 770 10 15.61 s 953 us
Standard — split BRU 6 15 770 12 16.13 s 985 us
Standard — split BRU 7 15 770 13 17.36 s 1.06 ms
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